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Abstract—Technology mapping is a crucial step in the synthesis
of digital designs and can be used to obtain mapped circuits
that are optimized for delay or area. Current tree-based map-
ping algorithms break the circuit into individual trees and map
these optimally. However, these solutions are not globally optimal.
This paper presents a new approach to delay-optimal mapping
based on the principle of logical effort. This algorithm maps
individual trees such that the solution of the entire circuit is
optimal. In traditional technology mapping, the best match for
a gate depends on the load being driven, which is not known at
the matching stage. Current algorithms handle this situation by
generating matches for all loads and selecting the best match at
a later stage. This strategy works for fan-out-free circuits but
breaks down at multiple fan-out points where each fan-out has
to be sized correctly, depending on its criticality. This can have
a significant impact on the selection of matches as well but has not
been adequately addressed in the published literature. We refer
to the correct sizing of branches of multiple fan-out points as the
load-distribution problem, which is formally defined and solved
in the context of technology mapping in this paper. The effect
of the new logical effort-based mapping algorithm, combined
with correct sizing of individual branches of a multiple fan-out
point, leads to implementations that are closer to the global opti-
mum. On the average, benchmark circuits mapped using our ap-
proach are 39.45% faster and 32.77% smaller than those obtained
using SIS.

Index Terms—Algorithms, circuit synthesis, CMOS digital in-
tegrated circuits, combinational logic circuits, design automation,
high-level synthesis, very-large-scale integration.

I. INTRODUCTION

THE CONVERSION of a register-transfer level descrip-
tion of a design into an implementation in silicon starts

with logic synthesis, which consists of technology independent
optimization, followed by technology mapping. In the latter
step, the design is mapped to cells belonging to the target
library while optimizing one or more performance metrics,
such as delay, area, or power. High-performance designs use
rich libraries, with multiple instances of each cell, which have
various delay, area, and drive capabilities. Technology mapping
has to identify not only the best logic functionalities of cells to
be used to implement some logic but also the best instance of
each selected cell.
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This paper addresses the problem of delay-optimal technol-
ogy mapping, for which a number of algorithms have been
proposed in the past, such as tree-mapping [1] and DAG-
mapping [2], using load-dependent delay models [3], constant
delay models [4], [5] as well as using logical effort [6]. Recent
approaches also integrate technology mapping with physical
design [7] and logic optimization [8]–[10]. In this paper, the
current state of delay-optimal technology mapping is extended
in two directions.

The first contribution of this paper is a new logical-effort-
based technology mapping algorithm. Logical effort [11], [12]
has been widely used in a variety of application domains [5],
[13]–[15] as well as in industry standard EDA synthesis tools
[16], [17]. The method of logical effort primarily provides a
quick means of estimating the delay of a path of logic but
has significant drawbacks when analyzing entire circuits having
gates with multiple fan-outs. This technique also provides a
means of calculating the gate sizes that lead to the estimated
minimum delay. Consequently, given multiple implementations
of the same path of logic and input and output capacitances
for the path, logical effort can be used to easily determine
the minimum delay implementation. This notion can be used
to constructively map a path of logic to the minimum delay
implementation, in a manner similar to traditional mapping
algorithms, by enumerating choices and eliminating suboptimal
ones. This is the idea behind the new technology mapping
algorithms presented in this paper. Our approach, described in
Section IV, has a few advantages over previous methods. First,
unlike conventional methods, the selection of gate sizes in the
solution is implicit and does not have to be determined during
matching. Second, the delay model is inherently load depen-
dent, and there is no need to enumerate solutions for all possible
load values as is done in the traditional mapping approach [3].
Finally, the size of the library used is much smaller since each
gate need not be instantiated for each available size, leading to
faster matches. Combined, these features make our algorithm
faster than current algorithms for fan-out-free circuits.

The second contribution of this paper is the formulation and
solution of the “load-distribution problem,” which, to the best
of our knowledge, has not been formally addressed in the liter-
ature previously. Traditional technology mapping approaches
partition a circuit into fan-out-free trees and map each tree
separately. Every gate within such a tree drives one other gate
that is also contained in the tree. The output gate of the tree
drives either a primary output or gates that are input gates
of other trees. Within a tree, traditional technology mapping
approaches recognize the fact that the delay-optimal match of
a gate, and its corresponding size, depend on the load being
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driven. This is true for the output gate of the tree as well, which
drives multiple fan-outs. Selecting the correct solution for this
output gate is crucial since this solution, in turn, determines
the load for other gates in the tree. However, the load being
driven by the output gate of a tree is not known in advance.
Additionally, indiscriminately selecting the best solution for
each path in a tree can lead to the input gates of the tree having
large sizes. While this may lead to each tree in the circuit having
the best input-to-output delay, such a solution for the complete
circuit is severely suboptimal. What is required is an approach
that takes into account the criticality of each component of
multiple fan-out points and selects solutions that optimize the
delay of the entire circuit. The problem of assigning correct
sizes (or, equivalently, capacitances) to gates at multiple fan-
out points is referred to as the load-distribution problem and is
described in greater detail in Section III-B. A solution to this
issue in the context of gate sizing has been presented in [18]–
[20] and is extended to the technology mapping arena in this
paper.

II. BACKGROUND

We first present a brief overview of the method of logical
effort and how it applies to sizing a path for minimum delay.
This is followed by a discussion of algorithms that are currently
used for technology mapping and the delay models used in
these algorithms.

A. Logical Effort and Gate Sizing

In the method of logical effort, the delay of a gate is estimated
by modeling it as a linear function of the load being driven as

D = g × cl
ci

+ p = g × h+ p = f + p (1)

where g is the logical effort, h = CL/ci is the electrical effort,
f = gh is the effort delay and p is the parasitic delay of the
gate.

This formulation separates the different components that
contribute to the delay of a gate. More importantly, it leads to
a natural extension for estimating the minimum delay, D̂, of a
path of logic as

D̂ = NF 1/N + P (2)

where F = GH is referred to as the path effort, P as the path
parasitic delay, and N as the number of gates on the path under
consideration [12]. The path logical effort, G, is the product
of the logical efforts of the gates on the path, and the path
electrical effort, H , is the product of the gate electrical efforts.
The minimum delay of (2) is obtained by distributing the path
effort F equally to each gate on the path.

The path electrical effort can also be calculated as the ratio
of output and input capacitances of the path. Consider Fig. 1,
which shows a simple path of four gates—A, B, C, and D. Each
of these gates have input capacitances cinA , cinB , cinC , and cinD

and drive output capacitances coutA , coutB , coutC , and coutD ,
respectively. The input capacitance of the path cin is the input
capacitance of gate A, and the output capacitance of the pathCL

Fig. 1. Calculating the electrical effort of a path.

is the output capacitance of gate D. The path electrical effort,
H , the product of the gate electrical efforts, telescopes, since
the input capacitance of each gate is the load capacitance of its
input (e.g., cinC = coutB). Thus

H =
coutA

cinA

× coutB

cinB

× coutC

cinC

× coutD

cinD

=
coutA

cin
× coutB

cinB

× coutC

cinC

× CL

cinD

=
coutA

cin
× coutB

cinB

× coutC

cinC

× CL

cinD

=
CL

cin
. (3)

The traditional logical effort approach is well suited for
estimating the minimum delay that can be achieved by sizing
a path of logic [using (2)] if the electrical effort, H , of the path
is known. The individual gate sizes that are required to achieve
this minimum delay can be calculated as follows: Each gate
is assigned a gate effort of f = F 1/N . Starting with the gate
at the output that drives a known load of CL, the size of each
gate is successively determined. Since the logical effort g of a
gate is fixed, if an effort delay f is assigned to a gate, the input
capacitance cin that meets this effort delay can be calculated as

cin =
g × cl
f

(4)

where cl is the load begin driven by the gate under
consideration.

In general, the input capacitance of the kth gate from the
output, cink

, can be calculated as

cink
=

∏k
i=1 gi

fk
· CL. (5)

Further additions to deal with multiple fan-outs in circuits
have been presented in [12]. However, as discussed in [20], the
“branching effort” has significant drawbacks due to the lack
of a priori knowledge of the input and load capacitances of
individual branches in a circuit. These drawbacks can create
inaccuracies when calculating the minimum achievable delay
of a circuit and the corresponding gate sizes, as discussed in
greater detail in Section III-B.

B. Traditional Technology Mapping

We now briefly summarize the state of technology map-
ping and the delay models used in these algorithms. Cell- or
library-based technology mapping is the process of binding
a technology-independent logic level description of a circuit
to a library of gates in the target technology. A dynamic-
programming algorithm based on tree covering was proposed



KARANDIKAR AND SAPATNEKAR: TECHNOLOGY MAPPING FOR SOLVING THE LOAD DISTRIBUTION PROBLEM 47

in [1] and has served as the basis of later technology mapping
algorithms. This is a two-step algorithm.

1) In the matching step, matches for all gates are generated
in an input-to-output traversal of the circuit, and the
optimum match (based on its cost and the cost at its
inputs) and the corresponding matches at the inputs are
stored as the solution for that gate.

2) In the covering step, the solution for the entire circuit is
generated by an output-to-input traversal of the circuit.
At the primary outputs, the best match is selected, and
the covering recurses on the inputs of this match.

The delay of a match is a function of the load it is driving—a
quantity that is not known during the matching step. In order to
account for this in delay-optimal technology mapping, sets of
solutions are stored at each gate, each solution being the optimal
one for a specific load value. In the covering step, the load is
known, and the corresponding optimal match can be selected.

One of the drawbacks of this approach is that the circuit to be
mapped (represented by a “subject graph”) is partitioned into
disjoint fan-out-free trees, which are then optimally mapped.
However, this leads to restrictions on the solutions, since
matches cannot cross tree boundaries. In [2], it was pointed out
that, if duplication at tree boundaries were to be allowed, DAG
mapping, as opposed to tree mapping, would provide optimal
results. However, this paper allocates a fixed load-independent
delay to each gate and assumes that later gate sizing and buffer
tree insertion can achieve the delay assigned. Thus, it does not
address the load-distribution problem described shortly.

A number of different delay models are used in technology
mapping, such as load-independent, load-dependent, constant
delay models [4], [5] and gain-based delay models [6]. These
approaches try to account for the fact that gate delays depend
on the load being driven. While technology mapping makes
use of these approaches to generate optimal solutions locally,
the global picture is left unfinished, i.e., while the selection of
the gate types and gate sizes may be optimal within fan-out-
free trees, the traditional algorithms degenerate into heuristic
or greedy approaches at multi-fan-out points. This is illustrated
in Section III.

III. DRAWBACKS OF TRADITIONAL METHODS

In traditional tree-mapping methods, the input circuit, rep-
resented as a DAG, is partitioned at multi-fan-out points into
trees, which are then mapped optimally. These algorithms
address the fact that size and functionality selection of matches
have a significant impact on the quality of the final mapped
solution. However, there are a few issues that are not taken
into account. First, the selection of the optimal match and the
corresponding size is based on the load being driven and ignores
any constraints on the input capacitance of the tree. If this input
capacitance is bounded, the best solution may be different from
the one selected, as we show in Section III-A. Typically, bounds
on the input capacitance are needed so that the driving gates
do not see an unnecessarily large load. The second issue is
related–rather than an arbitrarily bound on the input capaci-
tances of a tree (which are multifan-out points in the original

Fig. 2. Influence of load on solutions.

circuit), an optimal assignment of capacitances to all fan-outs
and the driving gate, based on their respective criticalities, can
lead to superior solutions, as discussed in Section III-B. Finally,
optimally mapping trees need not lead to optimal solutions for
the entire circuit, as shown in Section III-C.

A. Load Dependence of Optimal Matches

Consider Fig. 2, where output C is the NAND of two inputs,
a and b. The load at the output of C is CL, and the input
capacitance is a fixed Cin. This functionality can be obtained
by either selecting a NAND2 gate directly, as shown on the
top, or by selecting an INV–NOR2–INV chain as shown at the
bottom. It may seem that the smaller solution will outperform
the larger one. However, consider the delay equations for each
option, assuming the following values: gINV = 1, gNAND2 =
4/3, gNOR2 = 5/3, pINV = 1, and pNAND2 = pNOR2 = 2. The
minimum delay that can be achieved by each option can be
calculated using (2), where the number of stages, N , is 1 for
the NAND2 solution and 3 for the INV–NOR2–INV solution

D̂NAND2 =
4
3
× CL

Cin
+ 2

D̂INV−NOR2−INV = 3 ·
[
5
3
× CL

Cin

] 1
3

+ 4. (6)

Fig. 2 also plots the minimum delay of (6) as a function
of the electrical effort CL/Cin. It is obvious that there is no
universally better choice—for small values of electrical effort,
the NAND2 has lower delay, while the INV–NOR2–INV is better
for larger values of electrical effort. Thus, input and output
capacitance, rather than the output capacitance only, determine
the optimal match, a point that is largely ignored by the tradi-
tional technology mapping algorithms. Typically, bigger gates
are faster than smaller ones but have a correspondingly higher
input capacitance. In order to ensure that the driving gates at the
tree inputs do not see an excessive load, limits on the maximum
input capacitance may be enforced. However, these limits are
not taken into account when selecting the optimal match.

This example serves to highlight a crucial point—in order
to determine optimal matches, we need to know the output as
well as input capacitances of logic under consideration. To the
best of our knowledge, this aspect of technology mapping has
not been taken into account previously. However, it is implicit
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Fig. 3. Assigning capacitance at multiple fan-outs for optimizing circuit delay.

in our formulation of logical-effort-based technology mapping
and in the load-distribution problem and its solution.

B. Load-Distribution Problem

As seen in the previous section, the optimal solution for a
fan-out-free tree of logic depends on input as well as output
capacitance. The natural question that arises is as follows: in
the context of the entire circuit, what are the values of input and
output capacitances of the component trees that minimize the
delay of the entire circuit? This issue is analyzed in this section.

Consider the situation shown in Fig. 3, with a block of logic
A fanning out to two other blocks, B and C, which eventually
drive primary outputs. Each of A, B, and C is a fan-out-
free region of the circuit. The optimal solution selected for A
depends directly on the load being driven at its output, which,
in this case, is the input capacitance of B and C. There are two
situations that have to be considered.

1) The interaction between A and its outputs. Assigning a
larger input capacitance to B and C makes them faster, at
the cost of increasing the load on A and slowing it down,
and vice versa. What is the optimum value of capacitance
that should be assigned to the output of A so that the delay
of the entire circuit is minimized?

2) The interaction between B and C. The delays of these two
fan-out-free regions to the primary outputs of the circuit
are influenced by their constituent logic and respective
input and output capacitances. If the two blocks of logic
have very different delays, we would like the critical
branch to have a larger input capacitance. On the other
hand, if B and C have the same delay, they should have the
same input capacitance. Thus, even if we could determine
the optimal load that A should be driving, what is the best
distribution of this capacitance to each fan-out?

We refer to these two problems together as the load-
distribution problem. Given a load at a multiple fan-out point in
the circuit, current algorithms can determine the best mapping
for the logic up to that point. However, this load is typically esti-
mated using heuristics, and since the mapped solution depends
directly on the load being driven, wrong estimates can lead to
suboptimal solutions.

We solve the load-distribution problem by integrating the
approach suggested in [20] with technology mapping. This
enables us to accurately determine the optimal load that should
be driven at a multiple fan-out point and how this load should
be distributed, in the form of input capacitance, to each fan-out.
Once this load has been calculated (as against being estimated),
we can use our technology mapping approach to map the
circuit.

Fig. 4. Critical path in a tree and in the circuit.

C. Critical Paths of Trees and of the Entire Circuit

When dealing with fan-out-free regions, or trees, in isolation,
it is easy to determine the critical input of the tree—this is the
tree input that has the maximum delay to the tree output. The
path from this critical input to the tree output is the critical path
of the tree. Note that the critical path of the mapped circuit may
be significantly different from the critical path of the unmapped
circuit, depending on the target library. The critical path of the
mapped tree is not known during the matching phase and may
change depending on the choice of the matches made and the
corresponding sizes selected. However, traditional tree mapping
algorithms can map trees so that the delay on the critical path
of the mapped tree is minimized.

Now, consider the situation when the tree is part of a bigger
circuit. In this case, the desired mapped solution is the one that
minimizes the delay of the critical path of the circuit, which
may not correspond to the critical path of the constituent trees.
This is shown in Fig. 4, which shows a part of a circuit that has
been divided into fan-out-free trees. Each of these trees fans out
to multiple outputs or to primary outputs. In the topmost tree,
path P1 is the path with longest delay. However, the critical path
of the circuit is path P2, which traverses multiple trees. As in
the case of trees, the critical path of the unmapped circuit can
be very different from the critical path of the mapped circuit
and therefore cannot be used to determine the critical inputs of
individual trees.

Traditional technology mapping algorithms can estimate so-
lutions (optimal matches and sizes) at tree boundaries [21], but
these solutions are based on the delays estimated at each fan-in
of the current tree under consideration, and they do not take into
account the effect of the rest of the circuit. Thus, these estimates
can turn out to be in error, leading to globally suboptimal
solutions. In such a scenario, optimally mapping individual
trees and connecting these mapped trees together can lead to
solutions for circuits that are suboptimal. We address this issue
in Section IV-C3 by generating solutions for each input of a
fan-out-free segment and selecting the solution corresponding
to the critical input, once it is known, so that the delay through
the entire circuit is minimized.

IV. LOGICAL EFFORT-BASED TECHNOLOGY MAPPING

In this section, we present our approach to mapping a circuit
to a target library, which addresses the drawbacks of traditional
approaches presented in the previous section. We first present
a logical-effort-based technology mapping algorithm for fan-
out-free circuits. This algorithm is modified in Section IV-B to
handle the fact that the critical path in the circuit is not known
during the matching step. A key feature of this algorithm is
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that the solutions generated are functions of input and output
capacitances. This allows us to address the load-distribution
problem, which uses the concept of delay–Cin curves and
their application to dealing with multifan-out points, presented
in Section IV-C. The combination of our logical effort-based
technology mapping algorithm and delay–Cin curves leads to
our approach for mapping entire circuits optimally, as presented
in Section IV-D.

A. Optimal Technology Mapping for Fan-Out-Free Circuits

We first present our algorithm for a simple path of logic, with
each gate having a single input and single output. We then show
how this algorithm can be extended to fan-out-free circuits,
with each gate having multiple inputs but a single output. This
algorithm is optimal for trees, but as described in Section III-C,
this optimality may not extend to entire circuits. We present
a modified version of the matching step, which, when used in
conjunction with delay–Cin curves, leads to solutions closer to
the global optimum.

In traditional technology mapping, in an input-to-output
traversal, all possible matches are generated at each gate.
However, only one match (the optimal match, as determined
by the cost function), has to be stored for every gate. For
minimum-delay technology mapping, the cost function at a
gate is the delay of any path from a primary input to the
output of the gate and can be calculated as the sum of the
delay of the match itself and the maximum delay at its in-
puts. This approach fits the classical dynamic programming
paradigm—the delay of the path is optimal only if the delay
of a subpath is optimal; hence, all nonoptimal matches can
be discarded. When gate sizing is taken into consideration, a
set of solutions, each corresponding to different possible load
values, have to be evaluated and stored, rather than a single
solution.

Our approach uses the cumulative path logical effort, G, as
the cost function. Recall that G is the product of all individual
gate logical efforts1 g on any path from a primary input to
the gate under consideration. We will show shortly that, if the
number of gates on a path is taken into account, minimizing
G is equivalent to minimizing the delay of that path. This
formulation also fits into the optimal substructure property of
dynamic programming, since by definition, the minimum value
of cumulative logical effort of a path is obtained when the
cumulative logical effort of any subpath is minimum. This
formulation has a couple of advantages over previous methods.
First, different load values are automatically accounted for, and
therefore, only one solution has to be stored for each gate.
Second, the solution for a path is a function of the input and
output capacitances of that path, as shown later in this section.
This leads to globally optimal solutions when extended for
complete circuits.

1Here, “gate logical effort” refers to the logical effort of individual matches.

We now show how minimizing path logical effort G
leads to minimum-delay solutions. Recall (2), which can be
expanded as

D̂ = N(GH)1/N + P (7)

where H = CL/cin.
Given a path having N stages of logic, path logical effort

G and path electrical effort H , the minimum delay in (7)
can be obtained by sizing gates on the path appropriately. If
we were to have the freedom of replacing gates on the path
with functionally equivalent choices, while maintaining the
path length and electrical effort, it is obvious that the optimal
solution after gate sizing is obtained when the path logical effort
G is minimized. Thus, in an input-to-output traversal of a path,
selecting the match that minimizes the cumulative logical effort
for a certain path length will lead to a solution that minimizes
the delay of the mapped path after sizing. The parasitic delay P
can be used as a secondary criterion to break ties when we have
solutions with equal path logical effort.

The length of the path can vary depending on the matches
selected. At each gate, we store a set of optimal matches for
different path lengths. Correspondingly, at the primary output,
we obtain a set of solutions of different path lengths and
different values of cumulative logical effort. We can then use
(7) to determine the combination of path length N , cumulative
logical effort G, and parasitic delay P that will minimize the
delay of the mapped circuit after sizing.

Our logical effort-based approach to technology mapping,
for a simple path, with a known input and output capacitance,
can be summarized as follows.

1) In the matching step, traverse the path from the primary
input to the primary output. For each match at a gate, the
cost function is computed as the product of the logical
effort of the match and the cumulative logical effort at the
input of the match. The length of the path is the length of
the input of the match plus 1. For all path lengths, store
the best match.

2) At the primary output, determine the combination of G,
P , and N that will minimize the delay after sizing, as
calculated by (7).

3) In the covering step, traverse the path from the primary
output to the primary input, generating the solution as
in regular technology mapping. In addition, calculate the
correct sizes of each gate using (5).

The above description was restricted to simple paths of logic
where each gate has a single fan-in and a single fan-out. We
can now generalize this approach to circuits with gates having
multiple fan-ins (the case with multiple fan-outs is handled in
the following sections). Since each gate has a single fan-out,
there is a single path from a primary input to any gate in this
circuit. In traditional technology mapping, for some gate t, the
input to a match at t with the maximum delay from a primary
input is defined as the critical input, and this delay is used in
combination with the delay of the match to determine the delay
(and hence the cost) at the output of the match. In our approach,
the minimum delay of a path is achieved by minimizing the
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cumulative logical effort for a selected path length. In this case,
we determine the critical input and calculate the cost function,
as follows.

Let the match at gate t have r inputs I1, I2, . . . , Ir. Consider
the situation where this match has some input capacitance cint

,
and the path length from a primary input to any input of the
match at t is the same. The input capacitance of the match is
the load capacitance that each of I1, I2, . . . , Ir has to drive.
If the input capacitance at each primary input were also fixed
(e.g., equal to cinP I

), the electrical effort of all the paths from
primary inputs to the input of gate t would be H = cint

/cinP I

and would be equal. Thus, on the basis of (7), the critical input
Ic, which has maximum delay from its primary input, is the
one that has the maximum cumulative logical effort for that
path length. When calculating the cost of a match at gate t
for some value of path length N , we need to determine the
cumulative logical efforts at each input of this match for path
lengths N − 1, and the maximum of these is used to calculate
the cumulative logical effort at the output of t.

The above argument makes a couple of assumptions that may
seem restrictive. However, we will show that these do not affect
the definition of the critical input. The first assumption is that
a match will present the same input capacitance on every input
pin. This is true for symmetric gates (such as NANDs or NORs),
but not for asymmetric gates such as AOIs or OAIs. However, we
show in Lemma 1 that even with each input to a match having
different electrical efforts, the critical input is still the one with
maximum cumulative logical effort, as defined above. The other
assumption is that every input has solutions corresponding to
a given path length. That is, when determining the optimal
solution for path length n, our approach assumes that solutions
of path length n− 1 are available at each input of the match.
This may not be the case in general, but if the library includes
appropriately sized buffers (inverter pairs), solutions of all path
lengths are now available.

A final consideration that has to be accounted for is the
load seen by noncritical inputs of a match after sizing the final
mapped circuit. The cumulative logical effort up to a gate being
mapped is calculated by taking the product of the logical effort
of the match itself and the cumulative logical effort of the
critical input of the match. Tracing the path from the primary
output to a primary input, following the critical input at each
gate defines the critical path in the circuit under consideration.
At the primary output, the cumulative logical effort is used to
size this critical path, as shown in Section II-A, so that the delay
on this path is minimized. The noncritical inputs of gates on this
path, however, have no choice in this sizing. Is it possible that
the load seen by noncritical inputs becomes large enough, so as
to make them critical? As the following Lemma shows, this is
not the case.
Lemma 1: Let Ic be the critical input of a gate t. After sizing

t and its outputs, Ic is still the critical input of t.
Proof: See Appendix. �

Our logical effort-based technology mapping procedure for
fan-out-free circuits can be carried out in a manner similar to
the approach for simple paths. The optimum solution at each
gate is determined for all values of path lengths. For some path
length N under consideration, the cost of each match is the

product of the logical effort of the match, and the maximum
of the costs at its inputs, corresponding to lengths N − 1. At
the primary output, for some electrical effort, the combination
of path length, cumulative logical effort and parasitic delay
that minimizes the delay of the circuit as determined by (7)
is selected (this assumes that gate sizing will be applied to
the selected solution). If only such a fan-out-free circuit is
to be mapped, the electrical effort is known. If this fan-out-
free circuit is part of a bigger circuit, the electrical effort is
determined using delay–Cin curves, as discussed later.

The pseudocode of our dynamic-programming-based algo-
rithm for technology mapping fan-out-free circuits is presented
in Algorithm 1.
An Illustrative Example: We use Fig. 5 to illustrate

Algorithm 1. Here, a simple chain of three gates, A, B, and C, is
to be mapped to a library of three cells,X , Y , and Z, with logi-
cal efforts gX , gY , and gZ and parasitic delays pX , pY , and pZ .

As discussed before, we store optimal solutions for each
legal value of path length. For each gate t, we keep track
of the accumulated product of logical efforts Gt, the sum of
the parasitic delays Pt, and the corresponding matches Mt,
indexed according to the length of the path. The path length
is obtained by the length at the inputs to the match at t plus one
for the match itself.2

In the example, the only match of a library pattern at gate
A is that of pattern X , and the corresponding solution for A
is GA[1] = gx, PA[1] = px, MA[1] = X . At gate B, however,
we have two possible matches, the match of X , with solution
GB[2] = g2

x, PB[2] = px + px, MB[2] = X , and the match of

2For example, Gt[3] is the cumulative logical effort of a path having length
3, and the corresponding match is stored in Mt[3].
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Fig. 5. Example of LE-based technology mapping.

Y , with solution GB[1] = gy , PB[1] = py , MB[1] = Y . Thus,
B has two solutions of length 1 and 2. At gate C, all three library
patterns match, generating the following solutions.

1) Match of Z: This is straightforward, with the solution
being GC[1] = gz , PC[1] = pz , MC[1] = Z.

2) Match of Y : In this case, the input to the match is A, and
the only input solution available is of length 1. Hence,
the corresponding solution for C, of length 2, is GC[2] =
gx · gy , PC[2] = px + py , MC[2] = Y .

3) Match of X: The input to this match is B, which has
two solutions. Each of these leads to two solutions
for C, of length 2: GC[2] = gy · gx, PC[2] = py + px,
MC[2] = X and of length 3: GC[3] = g3

x, PC[3] = 3 ·
px, MC[3] = X .

Note that we now have two solutions at circuit node C of
length 2, due to the matches of Y and X . We store the solution
with the minimum value of cumulative logical effort.

As we have reached the primary output, the matching step
is complete. We have three possible solutions at the primary
output, of lengths 1, 2, and 3. The load CL is known for
each solution and assumes that the primary input has a fixed
drive capability of Cin. This determines the electrical effort
H = (CL/Cin), and we can calculate the minimum delay
corresponding to each available solution using (7), and select

the minimum. In this case, we have the minimum delay of the
mapped circuit with path length 1 to be

D̂ = 1 · (GC[1] ·H)1/1 + PC[1] = gz ·H + pz.

For path length 2

D̂ =2 · (GC[2] ·H)1/2 + PC[2]

= 2 · (gy · gx ·H)1/2 + py + px.

For path length 3

D̂ =3 · (GC[3] ·H)1/3 + PC[3]

= 3 ·
(
g3

x ·H
)1/3 + 3 · px.

As discussed before, the individual gate sizes can then be
determined using (5).

As described in Section II-B, traditional approaches calculate
and store solutions for all possible load values. We trade this off
with generating solutions for different values of path length N .
The number of legal values of N depends on the circuit being
mapped but also depends on the library. During the mapping
stage of Algorithm 1, complex gates, if available in the library,
will cover a greater part of the circuit while increasing path
length by 1. In comparison, simple gates will increase the path
length by a larger amount. We also note that the number of
path lengths is not the same for all gates in a path but increases
as we traverse the path from the input to the output. In practice,
we find that keeping track of N solutions at each gate is faster
than keeping track of solutions for each load value, as done in
the traditional approach.

If we map fan-out-free regions only, Algorithm 1 provides
optimal solutions. The path effort F can be used to calculate the
sizes of each match selected on the critical path. Matches that
are not on the critical path can be sized once the critical path has
been fixed. The noncritical paths have a certain amount of slack
in the delay that they have to meet. This slack, and the fact that
the critical path is now presenting a load that is smaller than
previously anticipated, can be used in a possible optimization
to control the area of the implementation.

B. Generalized Matching for Fan-Out-Free Regions

As presented in Section III-C, the critical path of a circuit
may not correspond to the critical path of a fan-out-free region
or tree. Therefore, while Algorithm 1 can optimally map fan-
out-free regions, the optimal solution for a tree may not provide
the minimum delay for the entire circuit. This drawback also
exists in current tree-mapping algorithms. The main problem
with correctly addressing this issue is that the critical input (for
minimizing circuit delay) of a fan-out-free region is not known
during the matching phase and can change depending on the
selections made (and their corresponding size assignment)
during mapping. In this section, we modify the matching step
of Algorithm 1 so as to obtain generalized solutions for fan-out-
free trees. In the covering step, these solutions can be used
to select the true critical input and the corresponding optimal
matches.
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Consider a fan-out-free region having inputs s1, s2, . . . , sk.
In a tree, each gate has only one output, and therefore, if there
is a path from an input sj to a gate t in the fan-out-free region,
this path is unique. In Algorithm 1, we stored one solution for
each path length for gate t, with cost Gt[n], and the optimality
of this solution was based on determining the critical input
to the match. In the context of the entire circuit, we can no
longer use the critical input within a fan-out-free region to
determine global optimality. Instead, we store k solutions for
each path length, corresponding to each input sj of the fan-out-
free region, denoted by Gsj→t[n].

The modified version of the matching step is shown in
Algorithm 2. Consider the situation when matching at some
gate t. Each input i of the match has a set of solutions of
the form Gsj→i[n], where there exists a path from the jth
input of the tree to i. This can be combined with the cur-
rent match to obtain the solution for gate t, Gsj→t[n+ 1].
Other matches for gate t of path length n+ 1 from tree input
sj can produce different costs, and as before, we store the
minimum cost solution. In this manner, we track solutions
of different path lengths from each tree input and defer the
determination of criticality to a later stage. The complexity of
doing so increases by O|FI|, where |FI| is the number of tree
inputs, which can be potentially large. However, we show in
Section V that this number is less than three on the average.
In addition, note that the number of tree inputs that fan-in to
a gate increases with the depth of the tree, and it is only the
output of the tree that has to keep track of solutions from each
tree input.

Algorithm 2 is an algorithm for the matching step for fan-
out-free circuits, which generates sets of solutions for the fan-
out-free region corresponding to different inputs of the region
and different path lengths. Given an electrical effort (output
load capacitance and input capacitance), the optimal matching

solution is readily determined. The covering step is based on
delay–Cin curves and is described in the following sections.
Determining which input is critical is handled after covering.

C. Delay–Cin Curves and Their Efficient Calculation

We now turn to the case of gates having multiple fan-
outs. Here, the correct choice when mapping and sizing each
branch depends on which one is critical, as formalized by the
load-distribution problem. Traditional approaches handle each
branch separately, but it is clear that this can lead to suboptimal
solutions. Our approach to a globally optimal solution uses
the notion of delay–Cin curves, previously developed for gate
sizing [20]. We show how delay–Cin curves can be calculated
easily, when integrated with Algorithm 2.

The delay–Cin curve is characterized at the input of each
fan-out-free segment of the circuit. Each point on the curve
corresponds to the minimum delay of the critical path from
that input to some primary output, for different values of input
capacitance. Which primary output terminates the critical path
is immaterial; in fact, it is possible that different paths are
critical for different values of input capacitance. For some input
s, the minimum delay on its delay–Cin curve is represented
by Ds→PO[cin]. The critical path may traverse multiple trees,
each of which has multiple fan-outs. As shown in Section III-B,
correctly assigning capacitance to each fan-out can have a large
effect on circuit performance. Delay–Cin curves keep track of
this information in addition to the minimum delay values for
different input capacitances.

We calculate delay–Cin curves for each input of every tree
in the circuit in a recursive manner, starting from the primary
outputs and traversing trees in reverse topological order to the
primary inputs. There are three main situations that have to be
handled: the base case of the primary outputs; trees that only
drive primary outputs; and finally, trees that have multiple fan-
outs, as follows.

1) Primary Outputs: The delay–Cin curve at a primary out-
put has only one point—a delay of zero for the fixed load
being driven. If a required arrival time is specified for each
primary output, a proportional delay value can be used in the
delay–Cin curve. In addition, if the circuit being mapped is part
of a bigger design, the effects of different load capacitances
at the primary outputs can be captured by adding these to the
delay–Cin curve of the primary output, thus allowing for an
exploration of a much larger space of solutions. This does not
add to the complexity of our algorithm.
2) Trees Driving Primary Outputs: When the fan-out-free

region drives a primary output, the load being driven is known
and is fixed, and the delay–Cin curve is straightforward to
calculate.

Consider Fig. 6(a), where the circuit drives a fixed load of
CL at a primary output. Our matching algorithm generates four
possible solutions, of lengths one to four. For each solution, we
know the minimum delay can be obtained by

D̂ = N(GH)1/N + P = N

(
G× CL

cin

)1/N

+ P
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Fig. 6. Delay–Cin curves calculation for a tree driving a primary output.
(a) Original circuit to be mapped. (b) Solutions from the matching step
and corresponding delay–Cin curves. (c) Combined delay–Cin curve, with
suboptimal points removed.

where the matching step gives different values of cumulative
logical effort, G, for each value of path length, N . The min-
imum delays for each solution are therefore functions of the
input capacitance cin, i.e.,

D̂ = 1 ·
(
G[1] · CL

cin

)1/1

+ P [1], for N = 1

D̂ = 1 ·
(
G[2] · CL

cin

)1/2

+ P [2], for N = 2

D̂ = 1 ·
(
G[3] · CL

cin

)1/3

+ P [3], for N = 3

D̂ = 1 ·
(
G[4] · CL

cin

)1/4

+ P [4], for N = 4.

Different values of cin give us different delays in the primary
output for each of the above possibilities. These constitute the
delay–Cin curves for each of four mapped solutions, as shown
in Fig. 6(b) (these curves are representative curves that are used
for illustrative purposes). It is not necessary to keep track of
each of these curves, instead, they can be combined to obtain
the curve shown in Fig. 6(c) by selecting the minimum delay
value for each possible cin. Points on this plot that do not lie
on the delay–Cin curve are suboptimal and can be disregarded,
since they represent solutions that have higher input capaci-
tance and greater delay than the points on the curve. Thus, in
the context of technology mapping, the delay–Cin curve also
keeps track of which path length each point on the curve cor-
responds to.

Note that by calculating the delay–Cin curve, we have still
not selected any particular match as optimal at this stage.
After the matching step, solutions were generated for different
path lengths, and the electrical effort was not known. After
calculating delay–Cin curves, the dependence on path lengths is

Fig. 7. Delay–Cin curves and multiple outputs.

removed, since each point on the curve explicitly corresponds
to the best value of path length for that input capacitance.
In addition, the set of solutions is now a function of input
capacitance—once this is known, the optimal match is also
known. In the current case of the tree driving a primary output,
the load capacitance is fixed; however, in the general case
presented next, the optimal load capacitance is also determined
when calculating the delay–Cin curves.

The example in Fig. 6 shows a single input fan-out-free
region. In general, delay–Cin curves can be calculated for every
input of a tree with multiple inputs. In this calculation, the
implicit assumption is that the input being considered is the
critical input. Whether this is really the case is not known until
the covering step, when the appropriate solution is selected.
3) Trees With Multiple Fan-Outs: The most general case

when calculating delay–Cin curves is that of an intermediate
tree, such as the one shown in Fig. 7.

Since this is a fan-out-free region, there is exactly one path
from each of the si to output t, and after the matching step,
we have solutions for each input of the fan-out-free region, for
different path lengths. For some load CL at the output of t,
we can calculate the minimum delay from si to t for different
values of cinsi

, as done in the previous section. This is denoted
by DCurvesi

[CL][cinsi
] and is one component of the critical

path delay from si to a primary output. The second component
is the delay from the output of t (or equivalently, the input
of the critical fan-out, Fj) to a primary output. In order to
determine which fan-out is critical, we need to know the mini-
mum delays from each fan-out to any primary output. However,
this information is readily available in the delay–Cin curves
of the fan-outs—recall that this is denoted by DFj→PO[cinFj

].
In order to calculate the delay–Cin curve at si, the above
sum of DCurve[CL][cinsi

] and maxj=1,...,lDFj→PO[cinFj
] has

to be repeated for all values of CL, and the minimum is
taken. Thus

Dsi→PO[cinsi
] = min

CL

{
DCurve[CL][cinsi

]

+ max
j=1,...,l

DFj→PO[cinFj
]
}
. (8)
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Algorithm 3 shows how the delay–Cin curve of input si

of a fan-out-free region terminating in t can be calculated.
Given an electrical effort, H = CL/cinsi

, the first procedure,
calculate DCurvesi

, is used to calculate the best delay of the
fan-out-free region from all the solutions of different lengths
that have been generated by Algorithm 2. Given the electrical
effort H = CL/cin, this procedure determines the length of the
path and the cumulative logical effort that supply the best delay.
The procedure, calculate Dsi→PO, of Algorithm 3 determines
the best load and the best distribution of this load to all fan-outs
for the given input capacitance, as described above.

While it may seem that the total number of combinations of
cinFj

is large (it is in fact O(|cinF1
| × |cinF 2

| × · · · × |cinF l
|),

where |cinF j
| is the number of possible values of input capac-

itance of Fj), it is shown in [20] that the number of combi-
nations that actually have to be considered is much smaller
(O(|cinF 1

| + |cinF 2
| + · · · + |cinF l

|)). This is accomplished as
follows: We take the minimum values of cinFj

for all j as the
first combination and sort the fan-outs by delay. For example,
suppose F1 is the critical fan-out. Any other combination of
CinF1

with other values of CinFj
, j �= 1 can be ignored, since

they will lead to a higher value of CL and have the same
maximum delay to a primary output. The next combination
can be obtained by selecting the next value of cinF1

and again
determining the most critical fan-out.

As discussed in the previous section, in the matching step
(Algorithm 2), for this fan-out-free region, we had obtained
a set of solutions for different values of path lengths N for
input si, and the electrical effort (the ratio of the output and
input capacitances) was an unknown. After the delay–Cin curve
has been calculated, we now have a solution for each value
of input capacitance, and the dependence on path length has
been removed. The unknown value of output capacitance, CL,
that gives us the best delay is now a known quantity and is
embedded in the delay–Cin curve.

Recall the load-distribution problem at a gate with multiple
fan-outs, in which the correct assignment of capacitances be-

tween a gate and its fan-outs and the correct assignment of
capacitances between the fan-outs could have a large impact
on the overall delay of the circuit. In Algorithm 3, we consider
all values of load capacitance CL when selecting the optimal
solution for input si of the fan-out-free region. This handles the
first part of the load-distribution problem, that of the correct
distribution of capacitance between a gate and its multiple fan-
outs. The different values of load capacitance CL are obtained
by considering all combinations of input capacitances of the
fan-outs, cinFj

. This implicitly handles the second aspect of
the load-distribution problem, that of distributing a capacitance
between multiple fan-outs. For some values of CL, a particular
fan-out Fx may be critical; for some others, another fan-out,
Fy , may be critical. This is taken care of by the formulation of
(8) and in Algorithm 3.

Algorithm 3 is a dynamic programming algorithm. The
delay–Cin curves of one fan-out-free region are calculated
based on the curves at its outputs, and a particular critical
path delay is obtained by simply taking the combination of the
delay of the fan-out-free region with the maximum critical path
delay of the outputs. This also exhibits optimal substructure,
since the delay of the critical path is minimized only when the
delay of each component of the path is minimized. Hence, the
delay curves obtained at primary input encode globally optimal
solutions to the load-distribution problem.

D. Comprehensive Technology Mapping Approach

The complete approach for logical effort-based technology
mapping addressing the load-distribution problem, called Tech-
nology Mapping Using Logical Effort (MELT) (the order of
letters are suggestive of the multiple input-output-input tra-
versals of the circuit required by our approach), is presented
in Algorithm 4. After the first three steps, which have been
described previously, we have delay–Cin curves at the primary
inputs of the circuit. At each primary input, the load that
minimizes the maximum delay to any output is selected.3 The
primary inputs are processed in decreasing order of this delay.
A forward traversal from the primary inputs using the selected
loads fixes the input and output capacitances and the lengths of
each fan-out-free region. This information, in turn, can be used
to select the matches of the optimal solution.

In Algorithm 4, there are two issues that restrict the op-
timality of the final solution. First, the processing of each

3We assume that each primary input is represented by a mid-sized inverter,
the delay of which is taken into account so as to avoid overloading primary
inputs with overlarge capacitances.
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input of a fan-out-free region is carried out independent of
other inputs of this region. The solutions generated by different
inputs may contradict each other. Second, in general, circuits
have reconvergent fan-outs. The interaction between multiple,
overlapping reconvergent paths is difficult to analyze efficiently.
For these cases, we use the heuristic of assuming that all
paths are independent and make the best choice available. If
interconnect capacitances can be estimated at the technology
mapping stage, they can be incorporated into the delay–Cin

curve calculation. However, within a fan-out-free region, log-
ical effort cannot account for interconnect capacitance, and the
traditional mapping will be more accurate than MELT.

The first step in Algorithm 4, that of generating matches,
takes time O(|V | + |E|) · |L| · |N | · |FI| for each tree, where
|V | is the number of nodes and |E| is the number of edges in
the tree, |L| is the size of the library, |N | is the maximum path
length, and |FI| is the number of inputs to the tree. In traditional
approaches, matches for every load value have to be determined
and stored, and the library used for matching includes multiple
sizes of each gate. In contrast, our approach stores solutions
for all values of |N | (which is small, on the average), and the
library has only one instance of each gate type. Since we store
solutions for each path length and each input to a fan-out-free
region, the storage requirement is O(|V | · |N | · |FI|). Note that
this is a very loose upper bound. We show in the results section
that |N | is relatively small, and while |FI| can be exponentially
large in theory (O(2P ), if the entire fan-out-free region is a tree
of two-input gates for a path length of P from input to output),
in practice, it is much smaller.

Calculating the delay–Cin curves dominates the running time
of our algorithm. The time complexity of this step is O(|FI| ·
|cin|2 · |FO|2), where |cin| is the number of possible values for
input capacitances, and |FO| is the number of fan-outs at a
multiple fan-out point. This bound too is very loose, and for
benchmark circuits, the running time is of the same order as
that of SIS.

V. RESULTS

In order to validate our approach, we have implemented
Algorithm 4 and used it to map ISCAS and MCNC com-
binational benchmark circuits. These results were compared
with SIS [22]. The library used for SIS was generated by
calibrating INV; two-, three-, and four-input NAND and NOR

gates; and a variety of AOI and OAI gates on a 0.1µ technology
using the Berkeley Predictive Technology Model [23]. Twenty
sizes of each gate were generated, for a total library size of
approximately 400 elements. These gates were also calibrated
in order to obtain the logical effort and parasitic delays, which
constitute the library used by our algorithm, with 23 elements,
one for each gate type. In our approach, calculating gate sizes
as described in Section IV can lead to arbitrary values (less than
the largest gate size). In order to make a fair comparison with
SIS, gate sizes are normalized to the 20 sizes of each gate that
are used by SIS.

Table I presents structural statistics of the benchmark circuits
used in our experiments. For each circuit, we list the size, as
determined by the number of gates, and the number of trees,

after the circuit has been broken into fan-out-free regions. Next,
we present the minimum, maximum, and average values of
the sizes of the trees; the number of fan-ins and fan-outs of
each tree; and the path lengths within each tree. The tradi-
tional technology mapping approach maps each tree separately,
whereas our approach deals with the entire circuit as a whole.
Consequently, the running time of our algorithm depends not
only on the sizes of each tree but also on the number of fan-
ins, fan-outs, and the path lengths within each tree. As can
be seen from Table I, in the worst case, each of these can be
large; however, the average case listed in the last row is much
more tractable. For example, the circuit pair has a tree with
41 outputs. Combining the delay–Cin curves of these outputs
is expensive if these curves have approximately similar delay
values. If this were the case for all trees, the runtime would
be prohibitive. However, other trees in this circuit have much
smaller fan-outs, and an average fan-out of 3.79 is tractable.
Similarly, the values of the other structural parameters pre-
sented in Table I affect the runtime of our algorithm. MELT
determines and stores matches for all values of path lengths
for each input of fan-out-free regions of the circuit. These are
then examined to obtain the minimum achievable delays for
the fan-out-free regions. Therefore, having long path lengths
and a large number of inputs can lead to large run times. As
before, although some paths can be large and a few trees have a
large number of fan-ins, the averages are skewed toward small
values.

The results of mapping these circuits are as shown in Table II.
The first column lists the benchmark circuit. The next two,
under the title SIS, show the best delay obtained for each
circuit using the command map -n 1 in SIS (which tries to
minimize the delay of the mapped circuit), the area of the final
solution, and the corresponding running time, T , in seconds.
The performance of MELT for the same circuits is as shown. On
the average, our algorithm generates circuits that are 39.45%
faster and 32.77% smaller than those obtained from SIS. During
the covering step, the load at multiple fan-out points is accu-
rately known, as is the optimal electrical effort for individual
segments, which is not taken into account by SIS. This leads
to a higher incidence of complex gates in the MELT solution.
The area tradeoff between using complex and simple gates
depends on the sizes of each gate being selected. Smaller sizes
of complex gates such as OAIs are more area-efficient than the
equivalent circuit using simple gates such as NANDs, NORs,
and INVs. However, the larger sizes of these complex gates
occupy more area than the equivalent circuit using simple gates.
Thus, while we usually have an area improvement for most
circuits, for some circuits such as count and i5, we obtain more
expensive (albeit faster) solutions from MELT. In the case of
C6288, the circuits selected are very similar and consist largely
of NAND2 gates. In this case, the gate sizes selected in MELT
are larger than those selected by SIS. Once again, it is the
electrical effort that guides this size selection. While we obtain
mapped circuits that are faster, the area overhead in these cases
is significant.

It is important to point out that it is quite understandable
that the area numbers for our algorithm are higher, simply
because MELT only optimizes the delay, and does not explicitly
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TABLE I
CIRCUIT STATISTICS

TABLE II
TECHNOLOGY MAPPING: SIS VERSUS MELT
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optimize the area. Such a delay minimizer is very useful in
practice, since it allows a designer to determine the best pos-
sible performance that can be achieved by a circuit. It is easily
seen that, in terms of delay, MELT always outperforms SIS,
and the improvement over SIS ranges from just over 1% to
nearly 80%.

This wide range in the achievable improvement can be ex-
plained by the circuit characteristics described in Table I. For
example, C6288 has a large number of fan-out-free regions with
small average path lengths, as compared to other circuits. For
small path lengths, the effect of varying the electrical effort is
limited, which, in turn, restricts the freedom that our algorithm
has and results in solutions that are very similar to those that
would be obtained by traditional methods.

VI. CONCLUSION AND FUTURE DIRECTIONS

This paper presents a new approach to technology mapping,
based on the theory of logical effort. Most of the improvement
obtained by our algorithm is due to the solution of the load-
distribution problem, which allows for accurate assignment of
capacitances at multiple fan-out points. This leads to better
selection of matches, since the exact load to be driven is
known. We observe an average improvement of 39.45% in
terms of delay, and 32.77% in terms of area, as compared
to SIS.

In [24] and [25], all possible decompositions of circuits are
considered during the matching step. The algorithm divides the
circuit into disjoint ugates and applies technology mapping to
each such ugate. Our algorithm can be extended to generate
matches in each ugate and calculate delay–Cin curves by tra-
versing the ugates. This approach can also be applied to DAG
mapping [2], which allows matches across tree boundaries and
therefore can generate better solutions. Here, multiple fan-
out points are not well defined initially. However, once the
matching has been done, the fan-out points are specified, and
the delay–Cin curves can be calculated as before.

APPENDIX

PROOF OF LEMMA 1

We first prove the case of symmetric gates, in which the delay
characteristics of each input pin to the output of the gate are the
same. The proof for the case of asymmetric gates is similar and
follows from the proof for symmetric gates.

Consider the situation where we have a match at some
gate t, with r inputs I1, I2, . . . , Ir, each having cumulative
logical effort for path of length n from the primary inputs
GI1 [n], GI2 [n], . . . , GIr

[n]. Since gate t is symmetric, the load
being driven by each of I1, I2, . . . , Ir is equal and is cint

, a
value that is yet to be determined. Let Ic be the critical input,
and let Ij denote the other noncritical inputs. As mentioned
previously, Ic being the critical input implies that GIc

[n] ≥
GIj

[n]∀j. In this case, we select GIc
[n] to be multiplied with

the gate effort of the match at t, gmt
in order to obtain

Gt[n+ 1]. This means that when the segment is sized, the size
of the match at gate t (which determines the load cint

at the
output of any Ij) will be determined by the value of GIc

[n],
and this size will be different from the size determined if we

Fig. 8. Proof of Lemma 1 for asymmetrical gates.

had selected GIj
[n]. We show that this is in fact the correct

choice to make.
As mentioned previously, the sizes of gates are determined by

applying (5) in a backward traversal. If the load at the primary
output is CL, and there are k gates from gate t to the primary
output in the mapped solution, (5) can be applied to each gate
successively to obtain

cint
=

∏
k gk

f̂k
· CL. (9)

Note that the stage effort for optimal delay is in the de-
nominator of (9), and f̂ = F 1/N = (G ·H)1/N . Therefore,
choosingGIc

[n] induces a size on gate t that is smaller than that
which we would have obtained by using GIj

[n]. This means
that the delay GIj

[n] would have induced (e.g., DIj
) would

depend on a larger size of gate t. Since t is now smaller than
anticipated by gate Ij , its load on Ij is smaller, and hence,
the delay of the branch from an input to gate Ij does not
increase (from the value it would have been, if the solution
corresponding to Ij had been used to size t) by taking the choice
of GIc

[n], i.e., Ic is still the critical input of t.
We now turn to the general case of asymmetric gates. In

this case, the logical effort of each input of the gate to the
output depends on the functionality. However, we show that the
assertion of Lemma 1 still holds.

Consider asymmetric gate t with two of its inputs, a and
b, having logical efforts ga and gb, respectively, as shown
in Fig. 8. Let the cumulative logical effort up to each input be
Ga and Gb, and the cumulative logical effort from the output
of t to a primary output be Gk. Since gate t is asymmetric, the
capacitance at each input is different, but this also implies that
the logical efforts are in the same ratio, i.e., if cinb

= z × cina
,

then gb = z × ga (this follows from the definition of logical
effort). There are two cases to consider.

1) Ga > Gb: In this case, the solution at input a is selected
as it is considered to be critical. Sizing gate t accord-
ing to this solution will imply some capacitance c∗inb

at
input b, and we need to show that c∗inb

≤ cinb
, which is

what we would obtain if Gb were used to size gate t

cina
=
Gk · ga

f̂k
a

· CL

c∗inb
= z × cina

= z × Gk · ga

f̂k
a

f · CL =
Gk · gb

f̂k
a

· CL

cinb
=
Gk · gb

f̂k
b

· CL.

Since Ga > Gb, f̂a > f̂b and c∗inb
< cinb

.
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2) Gb > Ga: As in the previous case, the solution at input b
is selected, which implies some capacitance c∗ina

at
input a. We need to show that c∗ina

≤ cina

cinb
=
Gk · gb

f̂k
b

· CL

c∗ina
=
cinb

z

=
Gk · gb

f̂k
b × z

· CL =
Gk · ga

f̂k
b

· CL

cina
=
Gk · ga

f̂k
a

· CL.

Since Gb > Ga, f̂b > f̂a, and c∗ina
< cina

.

Thus, in both cases, the noncritical input eventually drives a
smaller load than anticipated, and therefore, the delay at the
noncritical input does not increase to a value greater than that
of the critical input. �
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